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Modal Identities for Multibody Elastic Spacecraft

Hari B. Hablani*
Rockwell International, Seal Beach, California 97040

This paper answers the question, Which set of modes furnishes a higher fidelity math model of dynamics of a
multihody, deformable spacecraft—hinges-free or hinges-locked vehicle modes? Three sets of general, discretized,
linear equations of motion of a spacecraft with an arbitrary number of deformable appendages, each articulated
directly to the core body, are obtained using the above two families of modes and appendage modes. By a
comparison of these equations, 11 sets of matrix and scalar modal identities are constructed that involve modal
momenta coefficients and frequencies associated with the three classes of modes. The sums of infinite series that
appear in the identities are obtained in terms of mass and first and second moments of inertia of the appendages,
core body, and vehicle by using some basic identities concerning appendage modes. Applying the above identities
to a four-body spacecraft, the hinges-locked vehicle modes are found to yield a higher fidelity model than
hinges-free modes because the hinges-free modes have nondiminisbing modal coefficients, whereas the hinges-locked
modes have modal angular momentum coefficients diminishing rapidly with frequency. These characteristics are
proved in the paper.

I. Introduction

DYNAMIC models of elastic spacecraft in the 1970s and
early 1980s were usually based on appendage or vehicle

modes, with the spacecraft modeled as a central rigid body
and appendages cantilevered to it. Likins et al.1 and Hughes
and Skelton2 established several criteria for selecting ap-
pendage or vehicle modes in order to construct high fidelity
and yet low-order dynamic models of the spacecraft. Some of
these criteria are based on modal identities3'4 that were illus-
trated in detail in Refs. 4 and 5. In contrast to these relatively
simple vehicles, the spacecraft on drawing boards today are
considerably more complicated, significantly more de-
formable, and have several articulated flexible appendages—
NASA's Space Station for example. The dynamic interaction
between the spacecraft bus and the hinged bodies or
cantilevered appendages can be modeled either in terms of
classical appendage modes or in terms of relatively less known
hinges-free or hinges-locked vehicle modes.6 By definition,
hinges-free modes are obtained by leaving all hinges free—
unlocked and unforced; the associated natural vehicle modes
therefore may contain motion of the articulated bodies rela-
tive to the inboard bodies. Conversely, in the case of hinges-
locked modes, the relative motion of the articulated bodies is,
by definition, zero, and some force or torque is applied at the
hinge to keep the motion so. In Ref. 6, these vehicle modes
are formulated for NASA's Space Station, and their zero
linear and angular momentum properties, the orthogonality
conditions, and the associated modal momenta coefficients are
theorized. The principal objective of this paper, in line with

the objectives of Refs. 1-4, is to determine whether hinges-
free or hinges-locked vehicle modes furnish a higher fidelity
dynamic model, if the same number of modes are retained in
a simulation. To this end, a multibody spacecraft is consid-
ered that consists of a rigid core body and N flexible ap-
pendages, each articulated directly to the core body. Three
sets of discrete motion equations for this spacecraft are ob-
tained from a continuum set using appendage modes, hinges-
free vehicle modes, and hinges-locked vehicle modes. To
compare the last two families of modes, modal identities are
devised, following Hughes,3 that express the sum of the
contributions of all infinite number of modes in terms of first
and second moments of inertia of the articulated bodies, the
core body, and the vehicle. The analysis is amply illustrated,
and definitive conclusions are summarized at the end of the
paper. Although, for concreteness, this paper considers a
multibody spacecraft with level 1 articulated bodies, it will be
clear that the conclusions drawn apply to a wider range of
multibody spacecraft.

II. Formulation of Continuum Equations of Motion
Figure 1 portrays an N + 1-body spacecraft that consists of

a three-axis stabilized core rigid body #0, and deformable
bodies El,...,EN, each articulated directly to the core body.
The motion equations will be developed with respect to the
reference point 0 in Fig. 1, which is neither the mass center
00 of the body B0, nor the mass center © of the entire
vehicle V. This generality in the formulation is warranted
because the NASTRAN modal data corresponding to such
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Fig. 1 JV+1-body spacecraft with N articulated, deformable ap-

multibody spacecraft are often with respect to an arbitrary
reference node 0, and the mass centers are generally nodeless,
empty points. The mass of each body is denoted mp
(p =^0,1,...,AO, the mass of all N articulated bodies together
me, and the mass of the entire spacecraft m/; clearly,
m=m0 + me. The first moment of mass of B0 relative to 0 is
c0 = AH0rc0) and those for the hinged bodies (j = 1,...,7V),
measured from the respective hinges Q,, are denoted c, = w/rcy.
Similar to cp (p = 0,1,...,#), the vector r0 emanates from 0
and r, from 07. Note that the subscript p covers all bodies,
whereas j covers only the articulated bodies. The vectors A,
(j = 1,...,AO originating from 0 locate the hinges 0, of the
hinged bodies :Ej. The first moment of inertia of the entire
spacecraft, then, is

(1)
7=1

where the matrix C0y transforms the £)-fixed vector c,- to a
^o-fixed vector, and the vectors bj are expressed in the B0-
fixed frame. Next, J0 denotes the inertia matrix of the body B0
about the reference point 0, while 7, is the inertia matrix of
the hinged body Ej in its own frame about the hinge 07. The
inertia matrix of Ej expressed at the reference point 0 in the
l?o-fixed frame is denoted Jf and

7? = - [m,*/ */ + */ (COJCj) * + (CojCj) * */ ] (2)

where (•) x means the 3 x 3 skew-symmetric matrix associated
with the vector (•). The inertia matrix / of the entire vehicle at
the point 0 will then be

(3)

Anticipating our later needs, the cross inertia matrix JQJ
between the bodies B0 and Ej expressed in the fyfixed frame
equals

/ A / _ (C* h \x*x (A\O/ — Jj vV/0~// cj V*)

As for the motion of the spacecraft, its center is assumed to
perform some orbital motion not coupled with its attitude
motion under consideration. To develop motion equations,
the local orbital frame is taken to be an inertial frame. The
kinetic quantities of interest are as follows: F0(/), the pertur-
bational velocity of the reference point 0 over the uniform
orbital motion at time t\ G>O(')» the inertial angular velocity of
B0-9 flj(i)9 the angular velocity of each articulated body Ej
relative to B0 at the hinge Oy; and Uj(rj9t)9 the deformation of
Ej at the location fjsEj. These quantities are taken to be
linear, first order, and infinitesimal, so their products can be
ignored in the analysis. The external forces and torques acting
on the spacecraft are the force f0(t) and torque g0(t) acting on
BQ at 0, and the force fj(t) and the torque gj(t) on each -Ej at
the hinge Oy. The latter pair (fj9gj) includes a distributed force

/j(rj9f) acting in the domain of the body Ej. Regarding the
control forces and torques, those acting on BQ are included in
the quantities fQ9g09 whereas, if a control force or torque is
produced in the interior domain of Ej without acting against
the core body B0, then that is included in the pair (f/,gj)9
however, if a control torque is produced by an electric motor
that rests on B0 at the interface 0, and exerts the torque on EJ9
then this is considered separately and denoted goj(t)
(j= 19...,N)9 for it produces a reaction torque — go/(t) that
acts on B0. The total force f ( t ) and torque g(t) that act on the
vehicle are

(5)
where, of course, g(t) does not include the control torque
gq(t) at the interface 0,.

The elastic spacecraft under consideration is relatively sim-
ple; it is straightforward to develop its linear, continuum
motion equations following Hughes.3'7'8 The equations gov-
erning the discrete variables F0,«o>^/ (J = 1 »—»AO are

dm =

(6)

where an overdot indicates differentiation with respect to
time, J, ̂  $Ej, and (-)T means transpose of the quantity (•)• To
write the motion equation governing the deformation «/(iy,0
of the flexible body EJ9 denote the related linear stiffness
operator by L,; the body Ej is allowed to be anisotropic
and/or nonhomogeneous, and its mass density is denoted
ffjfy). The continuum motion equation governing the defor-
mation u, is then:

-'xAb-ECvc/fl, + £ f
j J Jj

oA + I f (** Cv
J Jj

(y = !,...,#) (7)
The continuum motion equations [Eqs. (6) and (7)] are
discretized in the next section.

III. Discretization of Continuum Equations of Motion
Three families of modes will be employed in this section for

discretization: 1) appendage modes, 2) hinges-free vehicle
modes, and 3) hinges-locked vehicle modes. The use of ap-
pendage modes is standard; they are employed here in order
to evaluate the infinite sums that appear in the hinges-free and
hinges-locked modal identities in Section IV in terms of mass
and first and second moments of inertia of the appendages,
core body and the vehicle.
Discretization via Appendage Modes

Following Hughes,3 define the modal momenta coefficients
PJff and Hja concerning the appendage (cantilever) modes
Uja(rj) of the articulated body Eji

(8)

where dm is elemental mass. The coefficient Pja is associated
with linear momentum and Hja with angular momentum of
the mode a at the hinge point Oy. The modal angular momen-
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turn coefficient relative to the reference point 0 (Fig. 1) is
defined as

H?a±bj*COJPja + C0jHJff (9)

Then the continuum equations [Eqs. (6) and (7)] discretize to

info - c *c»o - £ Coyc/ Hj + X Q !>/,&, =/
7 J <*

Discretization via Hinges-Free Vehicle Modes
In this technique, the continuum equations [Eqs. (6) and

(7)] are discretized all at once. For this purpose, the following
modal expansion is postulated for the variables in Eqs. (6)
and(7)6

Z *o

1=1

(y = !,...,#; (7 = 1,.. .,00)

where 2/ff(0 is the modal coordinate and
associated with the <rth appendage mode t/
EJ\ yjEXO is the modal input to <rth mode:

>/$(v) ̂

do)

the frequency
) of the body

(11)

with dA denoting elemental area. Equations (10) are a gener-
alization of Eqs. (35) of Hughes,3 for the former includes
articulation motion of the appendages and the latter do not.
In Sec. IV, Eqs. (10) will be used in developing modal
identities. To facilitate matrix manipulations, they are abbre-
viated by using the definitions

~~ ~ —

PJ 4 [...Pj,...], P<? 4 [C01P?,...,CONPZ]

HA 4

4 tef- -•

(12)
Furthermore, we define

{:-' T] JOA],

(13)

where 1 is a 3 x 3 identity matrix. Equations (10) then reduce
to the following three matrix equations: one governing six
overall degrees of freedom of the spacecraft, qv(t)\ the second
governing na x 1 vector flA of na relative angular velocities of
N articulated bodies (n% equals the total number of articula-
tion degrees of freedom); and the third governing the oo x 1
vector QA of modal coordinates of appendage modes of all
articulated bodies.

=gA(t)

75(0

(14a)

(14b)

(14c)

Modal identities associated with the modal momenta matrices
9>\ and HA are derived in Section IV.

C/=1,2,...,AO (15)

where RQ9 00, and 0, are the temporal coordinates for the
rigid modes of the spacecraft—na + 6 rigid modes in all.
Furthermore, R0 is the translation of the reference point 0,
and 00 is the rotation of the spacecraft, both in rigid modes;
similarly, 0, is the rotation of the hinged body Ej relative to
B0 at the hinge 0, (j = !,...,#) in a rigid mode. The quantities
Xov» <&ov» and flj/v U= IV»N; V = Iv5°o) are vth modal
coefficients contributing, respectively, to the overall discrete
motions FO,O>O, and ft,, and ryv(r) is the associated modal
coordinate. The eigenfunction U^j) is that part of the
hinges-free vehicle mode, denoted Wv(r\ which defines the
deformation of body Ej in the vth mode. Although Ujv(rj)
satisfies the condition of zero displacement and zero slope at
the hinge 0,, that is, f/yv(07) = 0 and (1/2)V x UJV(Q}) = 0, it is
not the same as the <rth appendage mode t/^(ry) used before,
because in the case of Ujv(rj) no torque acts, by definition, at
the hinge 07 to enforce the zero deformation and slope condi-
tion, whereas in the case of Uja(fj) the immobile support of
the appendage enforces that condition. Because of the mobile
support of the hinge Oy, the total motion Wjv(rj) of Ej in an
inertial frame is

Wjv(rj) = Xov - (bj +

+ COJUjv(rj) (j = ..,#; v = l,...,oo) (16)

where the first two terms in the right side result from the
translation and rotation of the core body in the vth mode,
and the third term r Ov results from the relative rotation ofyv
Ej at the free hinge 0,. The motion of the core body in vth
mode is given simply by

= Xov - r0x (17)

Thus the hinges-free vehicle mode Wv(r) spans the entire
spacecraft such that

i f r = = r o

> = !,...,00)
(18)

The 6 + na rigid modes of a spacecraft with articulated
bodies are 1, — r x , and — r/ (j =-l,...9N) (retain only those
columns in — ry

x that correspond to the free axes at the hinge
0,). Not surprisingly, the elastic modes Wv(r) (v = l,...,oo) are
orthogonal to these rigid modes, that is,

I
}/

i

(19a)

(19b)

(19c)
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where JV means the entire vehicle is the domain of integration.
Equations (19) can be verified by substituting the expansion
[Eq. (15)] in the continuum equations [Eqs. (6)] with zero
right sides. Indeed, Eqs. (19a) and (19b) state that the linear
and angular momentum residing in a vth hinges-free vehicle
mode are zero, whereas Eq. (19c) states that the angular
momentum of the total motion Wjv(rj) of they'th articulated
body in vth mode at the hinge 0, is zero. These properties can
be stated alternately by defining modal momenta coefficients
(pjv9hjv) for each articulated body and (pv,A?) for all articu-
lated bodies collectively:

PJV ± f Ujv(rj) dm A,v 4 f dm

(20)

where h° is defined relative to the reference point 0. These
may be compared with the definitions [Eqs. (8) and (9)]. The
zero momentum properties [Eq. (19)] then transform to:

Xov

<?/ oXov + /

v = 0

+ A,v = 0

(/= !,...,#; v = l,...,oo) (21)

The eigenvalue problem and the orthogonality conditions that
govern hinges-free vehicle modes are recorded in the compan-
ion paper.9

Using the modal expansion [Eq. (15)], the zero momentum
modal properties [Eqs. (19) and (21)], and the orthogonality
properties, the continuum equations are discretized to these
decoupled equations that separately govern the rigid and
elastic modes of the spacecraft:

- c X
0 - =/ (22a)

(22c)

(22d)

tional definitions

•KJ
A, JA.Xo — «.Xov

<»fv

A [...,,...], (24)

Here qVR is a vector of rigid motion of the vehicle, whereas qy
in Eq. (13) is a vector of overall motion; the vectors QA in
Eq. (24) and QA in Eq. (12) differ likewise. Equations (22) now
condense to:

+ Y (25)= Xo/+ <&o£

Compare these with Eqs. (14).

Discretization by Hinges-Locked Vehicle Modes
These modes are defined by forcing the articulation motion

H7 (j = !,...,#) to be zero, so they are obtained by a modal
analysis of the first two equations in Eqs. (6) and Eq. (7)
from which the £lj (j = 1,...,W) terms are ignored. The torque
actually required to keep the hinges locked can be evaluated
from the third equation in Eq. (6) but that is not attempted
here. The equations for the modal analysis are therefore:

-cx<b0 + £ \C0jUj

[(A/CQ/- + Co/.r/)«rydw=0

0 + *y) = 0 (26)

Equations (26), in fact, govern the motion of a free spacecraft
with cantilevered appendages, so the sought hinges-locked
vehicle modes are the same as the unconstrained modes, as in
Hughes.3 The development here parallels that in the previous
subsection on hinges-free modes. Accordingly, we introduce
the following modal expansion:

- Z
a = l

(27a>
(27b)

(27c)

where cov is the frequency of vth mode and yv(/) is the scalar
input to it considering all articulated bodies collectively:

j ]j JV J
rjj) dA (23)

These equations are abbreviated by recalling appropriate defi-
nitions from Eqs. (12) and (13) and by the following addi-

where the superscript c reminds us that these modal quantities
pertain to constrained hinges. The quantities Xo« an(i ^o« are

the translation and rotation of the core body B0 in ath mode.
Likewise, the eigenfunction #/a(ry) *s ̂ e deformation of Ej in
the ath mode, analogous to #/v(ry) *n ̂ e case °f vt^ mnges-

free mode, except that now a force is exerted at the hinge 0,
to ascertain that £/^(Oy) =0 and V^;a(0/)=0. The total
motion of y'th appendage relative to the B0-fixed frame in ath
vehicle mode is denoted 0%(r./) anc^ ^ may ̂  expressed as



298 H. B. HABLANI J. GUIDANCE

[cf. Eq. (16)]

(28)

The ath mode of the core body Woa(ro)> on tne otner hand,
is represented by

(29)

Thus, like Eq. (18), the ath mode Wc
x(r) will be FFga(r0) or

0%(ry) depending on the domain under consideration. Or-
thogonality of these modes with the six rigid modes 1 and
—rx

9 similar to Eqs. (19a) and (19b), can be proved readily.
To express these conditions in terms of hinges-locked modal
momenta coefficients, we define [cf. Eq. (20)]:

*'J
± E <

j

dm f dm

(30)

Then, the abovementioned orthogonality is [cf. Eq. (21)]:

=0 (31)

A counterpart of Eq. (19c) or (21c) does not exist in the case
of hinges-locked modes inasmuch as, by definition of such
modes, the body Ej is constrained from turning at the hinge
Oy. The eigenvalue problem obeyed by an ath mode Wja(rj)
and its orthogonality with a /3th mode are furnished in Ref. 9.

With the aid of the expansion [Eq. (27)], momental proper-
ties [Eq. (31)], and orthogonality properties, the continuum
equations [Eqs. (6) and (7)] are discretized to

•ml, - c *&0 - £ COJcf tij =

I + Z ^Q^O/A-'j

goj

(32a)

(32b)

(32c)

(32d)

where o>£ is the frequency of the ath hinges-lockecl mode.
Unlike the hinges-free set of discrete equations [Eqs. (22)], the
articulation motion Eq. (32c) and the modal coordinate 77 £
Eq. (32d) involve a coupling term called "inertial modal
angular momentum coefficient" kg defined as

(7 = !,..,

Am

- c I i-/ #;« d/w
(33)

which is different from A?a and h% defined in Eq. (30). The
disturbance input y£(f) to each ath mode equals [cf. Eq. (23)]

/j(rj9t) dA (34)

To compact Eqs. (32) introduce
LOT tc/ ILC/ A FJLC/ tc/l^ — [n1 ...nN\

Recalling pertinent definitions from Eqs. (12), (13), and (24),
Eqs. (32) then may be written in the more concise forms

MvvqVR + MT
VA

= X8/+ ^>S^

(36a)

(36b)

(36c)

The vectors ̂ (0 and yc(t) and the matrices wc, xS> and *§ are

defined like their hinges-free companions in Eqs. (24).

IV. Derivation of Identities
Our concern now is to compare hinges-free and hinges-

locked modes for their accuracy in representing articulation
motion. To address this concern, two approaches will be
taken. First, an equation will be obtained from each of the
above three sets of discrete equations that will be solely in
terms of the articulation motion tlA and stimuli. These three
equations will then be compared to yield identities. In the
second approach, three more equations will be derived from
the three sets, each governing all (6 + na) discrete degrees of
freedom with flexible modal coordinates eliminated. Addi-
tional modal identities will be extracted by comparing these
three equations. Laplace transformation plays a key role in
this development.

Identities Based on Articulation Motion Only
First, consider the discrete set [Eqs. (14)] based on ap-

pendage modes. By matrix manipulations, the following equa-
tion governing AA can be constructed readily:

(37)

where s is the Laplace variable; 3CA , theoretically, is an ooxna
matrix, and "U^ an oo x oo symmetric matrix; $ is an na x na
inertia matrix, and gH is the total hinge torque vector:

+HA,

ga ±gA +gOA (38)

In Eqs. (38), lx is an oo x oo identity matrix. Thus, for an
equation of StiA(s), the coefficient of the hinge torque ga(s)
will be

(39)

Anticipating our later needs, now we shall prove that

lim [1 —
$-»• 00

_ A-u (40)

Applying the matrix inversion lemma to W^ its inverse is
found to be

On the other hand, owing to the identities (D,E,F)" of
Hughes3

Also, by definition of Mvv in Eq. (13) and virtue of Eqs. (1)
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and (3)

C0
(43)

which defines the mass matrix M0 of the core body and
reduces ^z;1 to

(44)

Next, we call upon the basic identities (D,E,F)" of Hughes3

again to derive the following new identities associated with
the articulation degrees of freedom:

HT
AHA=JA

3tf^°A=MyAMyyM0 (I)

(New identities derived in this paper will be labeled with
Roman numerals as they are cited.) These identities and Eq.
(44), in turn, lead to the identity

(ii)
which proves Eq. (40).

Using the modal expansion [Eq. (15)], we obtain an equa-
tion analogous to Eq. (37) from the hinges-free discrete set
[Eq. (25)]:

(45)

The coefficient of the hinge torque ga(s) in Eq- (45). equals
Eq. (39). They both reduce to 1 as s->0. As s-»oo, they
yield, in view of Eq. (40), the identity

(III)
which proves a fortiori that because the inertia matrix «/ ; is
positive definite and &AQ>A nonnegative definite, the modal
coefficients <Dyv O' =
nondiminishing series.

The hinges-locked discrete
equation for &A :

; v = l,...,oo) [Eq. (15)] constitute a

set [Eq. (36)] furnishes this

(46)

The equality of the coefficient matrices of gH(s) in Eqs. (45)
and (46) gives rise to this identity in the s -domain:

(IV)

As 5->0, the left and the right side of Identity (IV) both
degenerate to 1. On the other hand, taking the lim s -»oo of
Identity (IV) and recognizing Identity (III), one may obtain
the identity

(V)

Identity (IV) can be rearranged such that it reveals poles
and zeros of vehicle dynamics. For that, recognize that when
s = +/eov (v = l,...,oo; j2 = -1) the right side of Identity (IV),
which is also the coefficient of gH(s) in Eq. (45), is un-
bounded, so ±jcov are the poles of the spacecraft. Conse-

quently, for unboundedness to occur, the left side of Identity
(IV), expressed in terms of individual hinges-locked modes,
may be used to obtain the identity

(VI)

where hc
a

/T is ath row of the matrix hc
A. Similarly, when

s = ±ja>« (a = !,.••)» the matrix within [•] on the left side of
Identity (IV), which is the coefficient of S&A in Eq. (46), is
unbounded, which implies that ±jcoc

ol are the zeros of the
dynamics. Therefore, to realize unboundedness, the inverse of
the right side of Identity (IV) leads to

detTl 0 (VII)

where Oj is the ^th row of the matrix &A [Eq. (24)].
Knowing the poles and zeros, Identity (IV), keeping in mind
its lim s ->oo, has this alternate form [cf. (Y) of Hughes,3

o which is slightly incorrect; see its correct form in the Ap-
pendix]:

fi

ft
ft (VIII)

where nf is the total number of retained modes. Because of
Identity (III) and Identity (V), however, this form seems to be
less meaningful than the form of Identity (IV). Identities (VI)

, and (VII) are analogous to the identities (M )0 and (Q) of
Hughes.3 Under conditions of symmetry, these reduce to
those concerned with individual articulation degrees of free-
dom

(X)
where a^ = 1,2,... are the hinges-locked modes and ji, = 1,2,...
are the hinges-free modes that contribute to the Ah articula- •,
tion degree of freedom; [-]^k is the (£9k) element of the matrix
[•]; and dfk is the Kronecker delta.

Identities Involving All Discrete Degrees of Freedom
Consider the discrete set [Eq. (14)] first. Collect all discrete

degrees of freedom by defining:

(47)

Next, take Laplace transform of Eqs. (14), assuming that
there are no distributed forces on the appendages, and elimi-
nate the appendage modal coordinate vector QA(s) from Eqs.
(14a) and (14b) by using Eq. (14c); one then arrives at

where

(48)

(49)
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To derive the modal identities related to qr, determine
dM~l(s2)/ds\ following Hughes3; that results in

(50)
ds2

where the modal momentum coefficient matrix fie is

The hinges-free counterpart of Eq. (50) is then:

Now consider the hinges-free set [Eq. (22)] and the corre-
sponding modal expansion [Eq. (15)]. They lead to equations
similar to Eqs. (48-50). To eliminate the modal coefficients
Xov» ^ov> and &jv from these equations in favor of modal
momenta coefficients pv9 h®9 and h^9 the zero momentum
properties [Eq. (21)] are utilized to find:

(51)

(52)

(53)

The calculations for the hinges-locked complement of Eqs.
(50) and (53) are tedious, inasmuch as in Eqs. (32) or (36) the
rigid mode variables /fr0 and <s)0 and the elastic modal coordi-
nates ria (a = l,...,oo) are coupled with the physical articula-
tion rates Hy (j = \9...9N). The steps, nonetheless, are as
follows. First, i£ is eliminated from Eq. (36b) by using Eq.
(36c). Uncoupled expressions for qVR(s) and flA(s) are then
obtained in terms of inertia parameters and the stimuli uy(s)
and gif(s)- The modal expansion (27a) and (27b) is used
next to obtain the vehicle motion vector qv as a function of
inertia matrices and uv(s) and gH(s). While doing so, the
modal coordinate vector ife(s) and the inherently coupled
articulation vector flA(s) are eliminated again by using the
earlier equations. Arranging s2qv(s) and sflA(s) in the form
of Eq. (48), a matrix equivalent to Mg1(s2) is obtained. The
lengthy operation of d/ds2 (@,s = 0) on that matrix yields
another matrix that is pre- and postmultiplied with Mrr to
prove that

(54)

is

(55)

dv2

where the hinges-locked momentum coefficient matrix
[cf. Eq.(52)]

Af

Fig. 2 Four-body deformable spacecraft.

In deriving Eq. (54), the matrix versions of the hinges-locked
zero momentum properties of Eq. (31) are used to substitute
Xga and *ga in terms of pc

a and h*c:

(56)

[cf. Eq. (51)]. Besides, the inertial modal angular momentum
coefficient hg is also replaced in terms of the coefficient hc

jaL by
constructing the matrix version of the definitions in Eq. (33):

(57)

A comparison of Eqs. (50), (53), and (54) allows us to write
the desired identity

(XI)

Identity (XI) is a generalization of Identities (V), (W), and
(X) of Hughes,3 for the former applies to spacecraft with
articulated bodies, whereas the latter to spacecraft with
cantilevered appendages.

Comments on the relative usefulness of Identities (I-XI)
are now in order. Identities (I-III) and (V) involve modal
coefficients and inertia parameters only, no frequencies, be-
cause these were obtained by taking the lim s -> oo, and by
doing so the spacecraft response at t = 0+ is approached—at
t = 0+ the frequency or the strain energy of the structure has
not had time to influence the response. Exact satisfaction of
such identities usually requires a great many modes
(Hughes4), and sometimes, for a real, complex elastic space-
craft, even an approximate satisfaction with the available
modes from NASTRAN is infeasible. Nonetheless, because
these identities do not involve frequencies, they are severe
indexes to measure the fidelity of a math model. They are
useful in deriving other important identities, though. Identi-
ties (VI-X), which involve both hinges-free and hinges-locked
frequencies, are special forms of the matrix Identity (IV) in s
domain. Identities (VI) and (IX) represent, in hinges-locked
modes, the motion at hinges resulting from an excitation at a
hinges-free frequency. In contrast, Identities (VII) and (X)
represent, in hinges-free modes, the hinge motion resulting
from an excitation at a hinges-locked frequency. These identi-
ties are particularly suitable for numerically determining
hinges-free modal parameters from hinges-locked parameters
or vice versa. Considering the last identity, Identity (XI), its
unique features are 1) each side of Identity (XI) includes
modal coefficients as well as frequencies of only one kind, and
2) they apply to all (6 H- /ij discrete degrees of freedom of the
spacecraft. Furthermore, unlike Identities (VI-X), Identity
(XI) is not the response at a particular excitation frequency;
rather, according to Identities (//,/,/) of Hughes,3 each side of
Identity (XI) is related to the double integrals of the zero,
first, and second moments of the flexibility kernels of the
appendages, weighted by their mass distributions, and indeed
it is a measure of steady-state step response of elastic modes
in all discrete degrees of freedom. Thus, each identity serves a
different purpose, although Identity (XI) is probably the best
because of its just-mentioned unique features.

V. Illustration of Identities and Discussion
The identities will now be illustrated for a four-body de-

formable spacecraft shown in Fig. 2. It has two flexible solar
arrays, E\ and E2, each having one articulation degree of
freedom about the y{ and y2 axis relative to the core body B09
and a sensor having two rotational degrees of freedom about
the x3 and y3 axis. These four articulation angles (na = 4) are
denoted 0ly9 02y9 03x9 and 93y9 and the spacecraft thus has 10
rigid modes. Hinges-free and hinges-locked vehicle modal
data for the spacecraft were obtained using NASTRAN.
Space limitations forbid delving into the illustration of the
modal coefficients and the verification of Identities (III) and
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(V), but these are covered in the companion paper.9 Figure 3a
of Ref. 9 confirms the prediction from Identity (III) that the
hinges-free modal coefficients, in this case <S>ifiy (ji = 1,...,63)
for the jvsolar array, form a nondecreasing series. The
largest modal coefficients OlMy for /* = 8,11,18,28,... corre-
spond to those vehicle modes that predominately entail tor-
sion of the y^ array about the yl axis. In contrast, those
contributing to 03y, namely, 0>3tty (ji = l,.-,63), form essen-
tially a decreasing series (see Ref. 9) because the sensor is
rigid, and symmetric transverse bending of the arrays or local
high-frequency deformation of B0 at the sensor base produces
$3ny (AI = 1,..., 63). The coupling coefficients h£y for y^ array
rotation for the hinges-locked modes a=l,.. . ,67 are dis-
played in Fig. 4a of Ref. 9. Unlike $lf0,, h^y diminish with
frequency. For /*3%,, see Fig. 4b of Ref. 9.

Identity (III) is illustrated in Fig. 5 of Ref. 9. Let the error
indexes e%£ (k = 1,3) (HF == hinges-free) denote the corre-
sponding diagonal elements of the (4 x 4) matrix
[1 + ,/OjO^]"1. In contrast to their zero ideal value, the
asymptotes of these indexes are 0.0406 for k = 1 (0ly rotation
of the yl array) and 0.689 for k = 3 (03jc, the x rotation of the
sensor). For Oly, the error index e^f diminishes at the tor-
sional modes \a = 8,11,18,28,.... The error index for the ^-ar-
ray motion (k = 2) is the same as that for k = 1, except that
it decreases instead at the adjacent torsional modes
ft = 7,12,19,29,.... Surprisingly, the asymptote of the error
index for 03y(k = 4) hovers at 0.9976 instead of decreasing to
its ideal value of zero. Figure 6 of Ref. 9 illustrates
the hinges-locked identity [Identity (V)], rearranged as
hcJThcJtf~1 = l. For discussing this identity and the ones
following, define a "completeness index #," which approaches
unity for an error-free model. [The completeness index associ-
ated with the error index egf is (1 - *gf).] The growth of the
diagonal elements (1,1) and (4,4) of the matrix hc^Thc^~l

are depicted in Fig. 6 of Ref. 9. Surprisingly, alongside the
slow decrease of the error index e^ in Fig. 5. of Ref. 9, # nL

(HL = hinges-locked) approaches unity in just two hinges-
locked torsional modes, 5 and 6, and its asymptotic value is
1.029. Furthermore, by contrast with the hinges-free com-
pleteness index #£F = 0.0024 (that is, the previously men-
tioned error index e£F of 0.9976), the hinges-locked
completeness index #£L = 0.9421 in Fig. 6b of Ref. 9 is
remarkable; in fact, the first hinges-locked mode, a symmetric
transverse bending mode of the arrays, contributes a mighty
share, 0.9412, to #£L.

The identities that involve frequencies as well are illustrated
in this paper. First, consider Identity (VII), which is summed
over all hinges-free modes (ji = 1,...,63) for a specific o>£.
When 0)^ and co£ are the same to several decimal places, it is
difficult to verify this identity in this form. On the other hand,
Identity (VIII) indicates that when co^ and G>£ are truly the
same, the corresponding poles and zeros cancel each other
without affecting the articulation dynamics. This occurs be-
cause that particular mode does not contribute to the articula-
tion motion, so such a mode may be deleted from the study.
In numerical work, however, true equality between two real
numbers is difficult to establish. Besides, as will be seen
shortly, for the example in hand, sometimes, even though o^
and a> £ are the same up to three or four decimal places, the
minuscule difference between the two is still important for the
verification of an identity. Consequently, the following results
are obtained without truncating either modal set. Returning
to Identity VII, one finds that when a > 9, hinges-locked

frequencies coc
x are so close to a corresponding hinges-free

frequency COM that the determinant, instead of being zero,
becomes an arbitrarily large number. Among a = 1,...,9, Iden-
tity (VII) is best satisfied with a = 7 and next best with a = 2
(see Table 1). The circumstances that produce these results
are revealed by Identity (X). For a given o>£, when all
available hinges-free modes are added to calculate the (/,£)
element of the left side of (X), it is denoted #2£asy where
asy = asymptotic value. Figure 3 shows #J/FaSy for ^ = 1, 3,
and 4. The ideal value of this index is unity; however, when
0)^, « G)^, for some /i and a, this index assumes an arbitrarily
large value, and for plotting purposes, such large numbers are
replaced by 2 without affecting their signs. In the left side of
Fig. 3a, in the useful range 0-1, the maximum value of #nF

asy
concerning the j1-array rotation, 9ly9 is 0.45 for the hinges-
locked mode a = 2—a symmetric transverse bending mode of
the arrays. On the other hand, the first torsional hinges-
locked mode having significant coupling with the rotation 0ly
is a = 5, but #?iFasy corresponding to a = 5 is 0.16, less than
0.451 for a = 2. Intuitively, the index #?£sy for a = 5 should
be greater than that for a = 2; this does not happen because
the hinges-free frequency co1 (0.25724 Hz) is close to co|
(0.25719 Hz). To determine the contribution of individual
hinges-free modes, /*, the growth of #nF with /* to the
asymptotic value 0.451 for a = 2 is shown in the right side of
Fig. 3a. #ftF is found to escalate discretely at
/* = 1,8,11,18,28,29,35,41,42,..., which, except for \n = 1, in-
volves torsion of the array 1. The contribution 0.42 (Fig. 3a)
from the hinges-free mode \JL — 1 —a symmetric transverse
bending mode of the arrays, like a = 2 hinges-locked mode—
is, however, extraordinarily large: 93%. Nevertheless, the
bending mode \JL = 1 is not pertinent to the articulation mo-
tion 0ly9 so ^nF = 0.451 for a = 2 cannot be accepted, and,
instead, ^^i = 0.16 for a = 5, a torsional mode, is accepted.
Next, consider the sensor motion 03x. The corresponding
index #?3

F
asy shown on the left side of Fig. 3b is 1.0059 for

a = 7 [compare with #nF
asy, anc* recall from Table 1 the value

0.00415 of Identity (VII) for a = 7]. The growth of #f3
F vs fi

for a = 7 is displayed on the right side of Fig. 3b, where it is
observed to become unity at once when \JL = 4. To understand
this, note that both /i = 4 and a = 7 modes involve antisym-
metric in-plane bending of the arrays—a motion that induces

HL MODE NO. a
30———40-

HINQES-FREE MODES

Fig. 3 Identity (X): Asymptotic values of the hinges-free (HF) com-
pleteness indexes vs hinges-locked (HL) mode a, and growth of this
index vs hinges-free modes.

Table 1 Identity (VII): Variation of the hinges-free determinant with hinges-locked modes (ideal value = 0)

1 8

VII 0.97105 0.04732 0.27012 0.79457 0.68305 0.68009 -0.00415 0.19551 -0.32426
Minimum value of the determinant, among the determinants for a = 10,...,63, is 74.4, and the maximum value is oo when e»M = G>£ up to
several decimal places
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H1.A
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HINGES-FREE MODE NO. Ji 0.95955

0.95950

0.95945

0.95940

0.95935

0.95930

RETAINED HINGES-LOCKED MODES

10 20
HINGES-FREE MODE NO. fl

10 20 30
RETAINED HINGES-LOCKED MODES

Fig. 4 Identity (IX): Asymptotic values of the hinges-locked complete-
ness indexes vs hinges-free modes, and growth of this index with
hinges-locked modes.

03x—and that o>4 = 0.59541 and coc
7 = 0.59538 Hz. When the

rotation 03x of the rigid sensor is locked, the moment of
inertia that must be turned by the antisymmetric in-plane
bending is increased and that lowers the frequency commen-
surately. The ratio of the moment of inertia of the sensor and
of the core body, both about x0 axis, is 0.0717. The decrement
of 3.0E — 5 Hz noted above in the frequency co4 is mathemat-
ically so precise that <&^/ becomes unity at once when a = 7.
Moreover, although e»4 and caf are the same up to three
decimal places, the two modes cannot be truncated from the
study of the verification of Identities (VII) and (X). Next,
consider 03y rotation of the sensor—the rotation coupled with
the transverse symmetric bending of the arrays. The associ-
ated index, ^Sfasy» vs « is shown in Fig. 3c. In the range 0-1,
the most it becomes is a startling low value: 0.07836 for a = 2;
for this a, the growth of #£F with \JL indicates that 99.99%
contribution arises from the first symmetric transverse bend-
ing mode \JL = 1.

The verification of Identity (IX), whose left side is now
denoted ^^L, is considered in Fig. 4 for ^ = k = 1 and 4.
Inasmuch as the hinges-locked coupling coefficients form a
diminishing series, the determinant Identity (VI) and ̂ ^^
in Fig. 4 do not become arbitrarily large numbers once
H 2> 28. Indeed, only for p = 3,4,21,26,27, is the index #^a?y
unbounded in contrast with the #n!asy m Fig- 3a, which is
unbounded for all a ^ 9. The index #£L depends on the
selected hinges-free frequency co^; for a having <w£ > o^, the
term (1 — ca£2/o)2) becomes negative and these particular
hinges-locked modes diminish the sum. Focusing first on
^iusy» surprisingly, it stabilizes early on to 1.05 when p = 7
or 8—the first hinges-free torsional mode. The ascent of #nL

to 1.05 for /* = 8 with hinges-locked modes a (Fig. 4a)
indicates significant contributions from a = 5, 6, 10, and
11—all torsional modes; the contribution from higher tor-
sional modes attenuates rapidly because of fast diminishing
hfxy. As for the rotation 03y9 the maximum value of #2£asy,
displayed in Fig. 4b, in the range 0-1 is 0.959 when n = 5—
the second hinges-free symmetric transverse bending mode of
the arrays. The growth pattern of #£iL vs a for \L = 5, also
shown in Fig. 4b, states that virtually the entire contribution
arises from the first hinges-locked mode (a = 1) involving
symmetric transverse bending of the arrays.

From Identity (XI), only the (6 + na9 na — 4) diagonal en-
tries of the 10 x 10 hinges-free matrix /k*a>~~2/ke are illus-
trated below. Earlier articulation motion'labels k = 1,2,3,4
now become k = 7,8,9,10. Each diagonal term of the matrix
^JcD~2^e can be written as a summation over all available
hinges-free modes, and Figs. 5 show the growth of each of
those sums as the terms corresponding to each hinges-free

Hinges-free modes: Cumulative growth of the entries for
spacecraft motion hi the matrix ji'e to

Fig. 5b Hinges-free modes: Cumulative growth of the entries for
articulation motion hi the matrix /fef <o~Ve«

mode Qi = 1,...,51) are successively added. The asymptotic
values of these nondecreasing sums depend on the degree of
freedom under consideration, the interacting pattern of defor-
mation (indicated in Fig. 5), and the double integrals of the
corresponding zero and second moment of flexibility kernels
weighted by the mass distribution. The vehicle's x translation
(A: = 1), for example, interacts with symmetric transverse
bending of the arrays. Now, \i = 1 hinges-free mode having
the lowest frequency (0.28 Hz) is a symmetric transverse
bending mode. Because the arrays deform the most in this
pattern, as compared to symmetric in-plane bending (interact-
ing with z translation, k = 3) or in-plane longitudinal stretch-
ing (interacting with y translation, A: = 2), the three cor-
responding asymptotic sums in Fig. 5a for £ = 1, 3, and 2
also show the same descending sequence. Furthermore, for x
translation, most of the contribution stems from the first
mode, whereas for z translation four symmetric in-plane
bending modes add up to almost the entire asymptotic sum.
For y translation, however, out of 51 modes, not one mode
contributes significantly to this motion. The growth of the
sums corresponding to the attitude motion (k = 4,5,6) are
explained likewise. Regarding the articulation motion of the
solar arrays (k = 7,8), out of 51, two groups of nearly seven
torsional modes make up for most of the asymptotic sums
(Fig. 5b). Compared to these sums, those corresponding to
the motion of the sensor (k = 9,10) are three to five orders
smaller (Fig. 5b) because the sensor is essentially rigid (so the
flexibility kernel is essentially zero) and its moment of inertia
is much smaller than those of other bodies.

Table 2 summarizes the completeness indexes for Identities
(III), (V), (IX), and (X). Evidently, the hinges-locked indexes
are far closer to unity than the hinges-free indexes, particu-
larly so for the sensor motion. Moreover, the number of
hinges-locked modes contributing significantly to the indexes
is smaller than that for the hinges-free modes. These results
indicate, at least for the spacecraft in hand, the superiority of
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Table 2 Summary of the completeness indexes for hinges-free and hinges-locked vehicle modes (ideal value = 1)

Hinges-
free (HF)
indexes
#HFsy
<^>HF

(g'HF

Identity
(HI),

0.9594
0.311

0.0024

Identity
(X)

0.160
1.0059

0.0784

Hinges-
locked (HL)

indexes
#HLsy

#3Msy

^4?asy

Identity
(V)

1.029
TBDa

0.9421

Identity
(IX)

1.05
TBDa

0.9593

Associated
Articulation mode of

motion deformation

Bly Torsion
03jc Antisymmetric

in-plane bending
03y Symmetric trans-

verse bending
aTBD = to be determined.

the hinges-locked modes to the hinges-free modes. We reiter-
ate nevertheless that Identities (X) and (IX) [or (VII) and
(VI)] represent two different situations as stated in the text, so
a comparison of the indexes from these identities is slightly
inappropriate perhaps. To form different groups of important
hinges-locked modes for different discrete degrees of freedom,
the right side of Identity (XI) can be used in a manner parallel
to Fig. 5. When neither hinges-locked nor hinges-free modes
are available, a few important appendage modes can be
selected in accordance with Identities (I) or the left side of
Identity (XI).

VI. Conclusion
In a multibody spacecraft, the motion at a hinge is con-

trolled by applying a torque, whereas, by definition, the
hinges-free modes embody torque-free hinges; hinges-free
modes, therefore, seem inherently deficient in representing a
controlled motion at the hinges. Yet a controlled motion is
not zero motion, so the hinges are somewhat free. The elastic
part of that free motion is represented by the modal co-
efficients in the expansion of the articulation motion. These
modal coefficients, unfortunately, do not diminish with fre-
quency, so a large number of hinges-free modes must be
retained in a high-fidelity simulation. In contrast, in the case
of hinges-locked modes, the articulation motion has no modal
expansion, and the torque at a hinge caused by the deforma-
tion of an articulated body is elegantly captured in the inertial
modal angular momentum coefficients that diminish with
frequency. Hinges-locked modes, therefore, are inherently
well suited to represent a controlled motion at a hinge. The
modal identities derived in this paper support this intuitive
argument.

Appendix: Correct Form of Identity (Y) of Ref. 3
Unless stated otherwise, the notations in this appendix are

those of Hughes.3 The denominator of the identity (Y) of
Hughes,3 the identity repeated here for convenience:

Hughes,3 one obtains

a® iMr l
(for explanation of notations, see Hughes3) is slightly incor-
rect because, in this form, the denominator does not become
zero at Arth frequency of the mth appendage, Qkm— the prod-
uct liJLi (1 +•$ /tijm) does become zero for n =m but not for
n&m. To determine the correct denominator, recognize that
1) it must become zero at each frequency of each appendage,
and 2) the number of retained vehicle frequencies Nr must be
equal to the number of all retained appendage frequencies.
Assuming that an equal number of frequencies of each ap-
pendage is retained, the correct form of the identity (Y) is then

fl If

N Nr/N

'JiyO,1 (Z)

where the 6 x 6 matrix M0 is defined by Eq. (43) of this
paper. Employing (Z), an alternate form of (Y') identity is
obtained:

Nrn
a - 1

N Nr/Nn n
n = 1 j = 1

Taking M(s) of (Y') above and recalling Eq. (83) of

The identities (Y') and (Y") are much simpler representations
of poles and zeros of flexible spacecraft than that in Ref. 10.
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